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We investigate the interaction of a high intensity ultrashort laser pulse with an underdense collisionless
plasma in the regime where the Langmuir wake wave excited behind the laser pulse is loaded by fast particle
beams, formed during the wake wave breaking. The beam loading causes the deterioration of the central part
of the wake wave near the pulse axis, and the formation of bunches of sharply focalized ultrarelativistic
electrons. The bunches of electrons generate a fast propagating magnetic field, which we interpret in terms of
the magnetic component of the Lienard-Wiechert potential of a moving electric charge.
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[. INTRODUCTION tions can be realized where a highly focalized bunch of fast

electrons is formed with a local density much larger than that

The problem of the generation of quasistatic magneti®f the cold electrons. In such a regime the reverse electric
fields by laser pulses in plasmas is one of the most importargurrent carried by the cold electrons may not be sufficient to
in the physics of the interaction of ultraintense electromagheutralize both the electric current and the charge of the
netic radiation with plasmas, because of its influence on th€unch. In this case a magnetic field is seen in the numerical
transport processes and on the focalization of fast particles iimulations, propagating in the laboratory frame with the fast

the laser wake field acceleratfi] and in the fast ignition electron bunch. This magnetic field can be described in terms
scheme[2] in inertial fusion. Theoretical studies predict (€ Lienard-Wiechert potentials of a moving electric charge,

large self-generated magnetic fields with magnitudes that caﬂ”d corresponds to the Lorentz transformed electrostatic field

reach several hundreds MG or evert@, and are localized generated by the electron bunch in the comoving reference

in a region with a transverse size of the order of several tenfsrame' . . S
The generation of high current relativistic beams and hot

of um and with a macroscopic lengfl3,4]. This provides electrons by high-power, short laser pulses propagating in

the source for thg largest quasistationary magnetic fields UNinderdense and overdense plasmas, respectively, was also
der Ear_th _con_dltlons. Recent observations of a q“?S_'Stat'ﬁ]vestigated in two recent papef8,10] that appeared in
magnetic field in the MG range generated by a relativisticallyyess after the submission of the present work. In particular,
intense laser pulse in a plasma was reported in F5f. in Ref.[9] it was shown with the help of two-dimensional

In these relativistic regimes the most plausible mechanismzp) particle-in-cell(PIC) simulations that in an underdense
of magnetic field generation is associated with the electriglasma electron self-trapping and acceleration from the wave
current produced by the electrons accelerated inside the selfreaking of the plasma waves in the wake of the pulse lead to
focusing channel of the laser pulE#] by the strong electric  effective particle acceleratiofas discussed previously in
fields that arise at the wave break of the wake plasma waveRef.[11]) and to the formation of multiple electron bunches.
Plasma quasineutrality requires that the fast-electron curreWave breaking also causes an increase of the effective phase
be canceled by a cold electron current of opposite signvelocity of the wake field. The injection of electrons into the
These oppositely directed currents repel each other. This r&cceleration phase of the wake wave by exploiting the break
pulsion and the consequent growth of the magnetic field aref the wake wave that occurs in an inhomogeneous plasma
manifestations of the electric current filamentation instabilitydue to the change of the Langmuir frequency was analyzed
[6], which is similar to the well known Weibel instabilify] in Ref.[12] in a 1D geometry, together with the effect of
that occurs in plasmas with anisotropic distribution func-beam loading on the structure of the wake field.
tions. This mechanism of magnetic field generation was dis- In the present paper we address the dynamics and the
cussed in detail in several pap¢86—8 and will be shown spatial focalization of relativistic electron bunches produced
also to be at work in the simulation results presented in théy wave breaking, and discuss the effect on the shape of the
present paper. In addition, it will be shown that such fastounch of relativistic oscillations due to the transverse electric
electron currents may be responsible for the inverted curvefield. In addition, we investigate explicitly the nature of the
ture of the Langmuir wake waves observed in these simulaelectromagnetic fields that such ultrarelativistic bunches cre-
tions in the region far from the laser pulse. However, condi-ate. These Lienard-Wiechert fields are of interest both be-
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cause they arise from a fundamental process of relativistic
electrodynamics and because they are essentially transver:  ,,t
fields with features that closely resemble those of a subcycle g
laser pulse. Subcycle laser pulses were considered recent
[13,14] with the aim of exploiting a nonadiabatic mechanism  7oF
of charged particle acceleration. i

mps|
]

II. MAGNETIC FIELD PATTERNS

We expect different patterns of magnetic field to be gen-
erated in a plasma depending on whether they are produce
by a wide electron beam, as in the case examined in[BEf.
or by a highly focalized bunch of ultrarelativistic electrons.
This difference is seen in the 2D PIC simulations we per-
formed using the fully relativistic code described in Ha5b]
in laser-plasma regimes where the Langmuir wake wave ex
cited behind the laser pulse is loaded by fast electrons
formed during the wake wave breaking. In these simulations IRaasaasne M e e — S oo
the length(in the longitudinal direction along) of the com- : 1
putational region is 160, and its width(in the transverse
direction along y) is 9On. The cell size is
(0.125<0.125)\ 2. The total number of particles is approxi-
mately 10. The plasma begins at=0 and is preceded by a
vacuum region & long. The laser pulse is initialized outside
the plasma in the vacuum regior< 0. A pulse with dimen- 5  of
sionless amplitudea=2.5 propagates in an underdense
plasma withw/w,=10. The pulse iss polarized(i.e., the
components of the electromagnetic fields of the pulse in the -70f
vacuum region ar&,, B,, andE,) and its width and length
are 30. and 8\, respectively.

Figure 1 shows the spatial structures of the electron den
sity (a), the quasistatic magnetic fieB}, (b), and they com- AN T N P
ponent of the electric fieldc) in the (x,y) plane att=120. 50
Here and below time and lengths are normalized o (b)
and X\, respectively. In framéa) we see that in the interval
50<x<100 there are six maxima that correspond to the k
modulation of the electron density in the wake wave. The  20f
width of the wake field region is about X0 and the wake g
wavelength is~ 10N = (w/wp) . In the leading part just be- :
hind the laser pulse an electron bunch is localized in the 7o¢
regionsx~103 andy~0. The secondary wake wave excited
by the bunch in the regior-5<y<5 distorts the primary
wake field pattern, producing a strong modulation of the ™
electron density in the transverse direction. An analogous
effect is seen in the 2D simulations reported in Ref.[see,

e.g., Fig. 4c)], where the electron beam is found to act as an
additional source for the wake field. E

We see that the curvature of the constant phase surface _,of
of the wake wave corresponding to the density maxima fur- F
thest from the laser pulse is opposite to that which was dis-
cussed in Ref{16] and which is seen in the unspoiled outer () x
part of the first and second density maxima after the laser
pulse in framga). A similar inverted curvature was observed
recently in finite-difference 2D “Vlasov” simulations of the
interaction of a high amplitude laser pulse with a finite tem-
perature plasma. Each feature in the electron density finds its
counterpart in the magnetic field pattern presented in fram@eneration cannot be simply attributed to the current driven
(b) and in they component of the electric field in frante). by the nonlinear plasma wayd], because the sign of the
In frame(b) we see a periodic modulation along thexis of  magnetic field alternates in the transverse direction both
the z component of the magnetic field with the period of theabove and below the pulse axis along the wake wave. The
wake field. However, the mechanism of the magnetic fieldabsolute value of the magnetic field in the wake=i8.08. In

-10f

-20F

20F =

-20F

o

—10f

FIG. 1. Distribution of the electron densit@) of the z compo-
nent of the magnetic fieltb) and of they component of the electric
field (c) in the (x,y) plane behind the laser pulsetat 120.
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L ] The electron densityshaded plotand thez component of the mag-
F netic field are shown.
(b)_s e T T PR P PP o component6,7]. This in turn results in alternate magnetic
Y polarities. The scale of the magnetic field inhomogeneity is
N (2-3)\ which corresponds to a wave number of the fila-
B 1 mentation instabilityk,~ 7/\ = 0/(2-3)c>k,= w,/c. We
F find thatky/k, is about 3. In this limit, in the relativistic
305 3 particle regime, the instability growth rate is of order«f.
G ’
3 200 E Ill. LIENARD-WIECHERT POTENTIALS
E i 1 In Fig. 1(b), in the leading part of the wake, we see a
s rof 3 region with a very strong magnetic field=(Q.24) in thez
= E direction, with opposite signs in the upper and lower half-
S E ] planes. A similar feature is seen in Figcllin they compo-
oF ] nent of the electric field. Both the magnetic and electric
2 1 fields are localized in a narrow domain elongated in the
N transverse direction. The location alorgof these electro-
© -30 —20 —10 3 10 20 30 magnetic fields coincides with the location of the sharp elec-

tron bunch seen in Fig.(d) at x~103. An enlarged picture
FIG. 2. Phase planepy,y) (a and (,,y) (b) at x~92 and qf thg electron density and thecomponent of _the .magnetic
(Px.y) atx~102(c) for t=120. Momenta are normalized om.c.  field in the bunch regiortat t=130) is shown in Fig. 3.

The elongation in the direction of the electron bunch is
this region a wide beam of fast electrons is present, as sedfi!€ t0 the relativistic motion of the electrons in the inhomo-
in Figs. Za) and 2b) where the p,.y) and (o, ,y) phase g_eneous(m the transverse o_hrectu)rwake field eXC|ted_ be-
planes ak~92 are shown, and the magnetic field generatiod!iNd @ laser pulse of finite widtfi Close to the pulse axis we
can be interpreted as due to the filamentation instability ofPProximate the electrostatic potential of the wake wave as
the electric current. The fast electrons produced by the wake ]
wave breaking create an effectively anisotropic momentum @(X,Y,t) = em(1—y?IS?)sin ¢(x,y)], (1)
distribution. Under such conditions the plasma is unstable
against the excitation of an electromagnetic-type instabilitywith #(X,y) = wy(y)(t—x/vp,), the Langmuir frequency
which leads to the filamentation of electric currents carriedw,(y) depends ory aSwp(y)=wp(0)+Awp(y/S)2, andv,y,
by the fast electrons and by the electrons of the cold plasmis the phase velocity of the wake watsee Ref[8]).
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We consider distances alomgshort compared to the par- 1f
ticle acceleration length, so that the electrons in the bunch
which move alongx essentially at the speed of light, keep 0.5}
their phasay, , relative to the wake wave gt=0, constant.

The value ofy, is taken so as to correspond to acceleration.,, 0
in the longitudinal direction and to focusing toward the axis.
Calculating thex and they components of the electric field,

we obtain the equations of motion of a relativistic electron:

(6]

-1

. ( é\ﬂ) 3 = o i 5

px=—ek 1_§ (2 (a)

. E
Py= _e(gy
Here Ey=o¢m(wp(0)/vpcosy,), d=[1—Awy/wy(0)(1
— ) tan(yy) ] and Ey= em(2/S)[sin() 1
—(Awp/wp(0)) i, cosf,)]. Assumingy/S<1 and taking

for the sake of simplicity, the longitudinal momentym at
t=t, independent o and equal to—eE,t;, we obtain

y. )

5[t
pyx~—eE, t—gﬁy dt|, 4 > 0

1
£,| M4
y=yol 2 eod2

wheret>E,S/E,c, p,>mgC, andyy is the electron coordi-
nate alongy att=t;. We see that the longitudinal momen-
tum p, depends on the transverse coordingtm agreement
with the phase space results shown in Fi@,),2and that the
electrons oscillate alony with period 2m(tE,S/E,c)"2 5
From these expressions it follows that the square of the -1 -0.5 0 0.5 1
transverse size of the electron bunch, averaged over th (b) x

transverse oscillations, decreases yds-y3(t,/t)*? while
the longitudinal coordinate is given by

_ 1/2
E,c(t tl)) | -

ES

FIG. 4. Shape of the density of the bunch of fast electfanhas
described by Eq(7). (b) Magnetic field in the neighborhood of the

2_\,2 2 tip of the fast electron bunch of electrons as obtained from(Eg).
Y°—VYo Ey mc
X~Xot+cC(t—ty)+ 5> ES cty eEL.
X X1 the electron bunch are given b1§+ y(%:const, the shape of
t, 1 yg 2 t:i/z ti 1 the bunch is given at>t, by
2t 2 °2\302 2 6 © t\ ¥ E, \]? 102
ot v — 2 =] ~
X—Ct+y tl) (ZSE,() y (tl const, (7)

where, if oscillatory terms are disregardeyﬁ, can be ex-

pressed ag*(t/t;)". The dependence afonyin Eq.(6)is 4 jllustrated in Fig. @). The bunch of fast electrons has the

parabolic, and arises from two different contributions withfqm of a pointed arrow with its leading part described by
different time dependences. The first contribution, propor-
1/2 Ey 1
: 8

tional toE,c/2cE,S, arises from the square of the transverse t
+
2SE " 2(x3+y3)™2

momentum in the Lorentz factor in the relationship between NCS _yZ(_
the momentum and the velocity along (electrons with U
smaller transverse oscillations are effectively lighterhile

the second term, proportional &) arises from the transverse where X is the distance from the tip of the arrow. As
dependence of the force alomgin Eq. (2). For >0 and —, the front becomes narrower. In the Lorentz boosted
larget, both terms are negative. Computing the Jacolian frame with velocityV,, where the electron bunch is instan-
=13(X0,Yo)/d(x,y)| of the transformation from th&, and taneously at resp, =0, (a prime indicates quantities in the
yo coordinates tx andy, we find that the electron density in boosted framgthe arrow is sharper. The Lorentz transforma-
the bunchn(x,y,t)=n(xq,Yo)J increases asymptotically as tion to the boosted frame gives =y and x’ = y(x—V,t)

', Referring for simplicity to the first term only in E@6), ~(x—ct)|pyl/(mc)=(x—ct)(eEt/mo), where y

we find that, if att=t, the contours of equal density inside ~|p,|/(mc) is the Lorentz factor. Thus E§8) becomes
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t\¥2(eEt\[ E 1 with time (as measured in the laboratory franast %% The
x’~—y’2(t— ( ZSy + (9) potentiale’ has a branch cut in the complex plaxietiy’
1 me E 2(xptYo) along the positivex’ axis corresponding to the position of
. .the needle shaped bunch. The Lienard-Wiechert potentials of
In the boosted frame the fast electron density decreases wi ﬁ : - :
time ast %4, wheret is the time measured in){he laborator the moving bunch in the laboratory frame are obtained by a
frame ' Y Lorentz transformation op’ in Eq. (10),
The properties of the electric and magnetic fields of the 5 o o
electron bunch can be explained in terms of the Lienard- l’ (Y"(X=ct)“+y“) "= y(x—ct) 11
Wiechert potentials of the moving electron buridf]. As an - 2 ’
illustration, we shall discuss a model distribution corre-
sponding the limit of a needlelikéequipotentigl electron _ .
density which corresponds to the asymptotic litit . In andA=Ae, with
this case, in the boosted frame the electrostatic potential can
be written ag18] (Y2(x—ct)2+yA)Y2— (x—ct) |12
A~—C)/C[ y(x=ct) y2 yx—en | 12
r’—x' 1/2
o'=Cl——] . (10

where g, is the unit vector in thex direction. Then thez
wherer’=(x"2+y’%)%, andC is a proportionality factor, component of the magnetic fieR},= — 3,A is approximately
related to the density in the electron bunch, that decreaseagven by

cy

B 0Py L (= 0Py y(x v T 9
|
where y~eE,t/mc. The coefficientyC in front of the po- E 0 —hyvy/c —h,v,/c X
tentials increases with time a$', in agreement with the - 0 0 hov/
behavior of the density in the laboratory frame. The mag"~ € —€ Ly T VXl C Yzy y
netic field has opposite polarities in the upper plane and in 0 0 azy azHhvylc/ \ z
the lower half-plane and, as a consequence of the simplified (14)

model adopted, tends to infinity at the origin-as ~ Y2 The S _ o

region with the strong magnetic field is very narroax(  1nese equations include the accelerating electric field

~yl) in thex direction, and elongated aloryg They com- along thex axis, the effect of an azimuthal magnetic field
) _ _ 2 2 . .

ponent of the electric fields has approximately the same mad®~ ¥ A=V X[ (hyy”+h,z%)/2]é, which vanishes at the

nitude and the same spatial pattern. The contours ofzthe axis and represents the quasi static magnetic field, and of a

component of the magnetic field, which coincide with thosetransverse electric field, with an elliptic null along this axis,

. o 2
of they component of the electric field d, ¢, obtained from described by the potentiale (ayyyy + @, 27)12

_ . o 2 . _
Eqg. (13), are plotted in Fig. ) and correspond to those apyZ,  With ay,+a;;>0 andayya;, az,>0. Diago

shown in Fig. 3, where we show the local structure of thenaIIZIng the symmetrig-z minor of the matrix in Eq(14)

electron density in the bunch and of the magnetic field agond ItS Principal axes, we recover along each principal di-

) . . N Yection a time behavior of the electron motion of the type
obtained from the PIC simulation reported in Fig. 1. In thesriggven by Eq.(5). This is shown in Fig. 5 foh,=1, h,

calculations we have neglected the screening of the plasmag £ ° _ 575 , ~0.25 ande..=0.75. In frame(a) we
yy=0.75, @,,=0.25, 27~=0.75.

on the electromagnetic fields generated by the electroghow the electron acceleration alongn frame(b) the trans-

bunch. This can be justified on the grounds that in the laboyerse electron motion, in fram@) the contraction of the
ratory frame the fields arising from the Lienard-Wiechert po-yransverse orbit size, measured y&(t) +z2(t), as a func-
tential generated by the short relativistic electron bunch argon of x(t); and in frame(c) the electron trajectory in
similar to those of an electromagnetic wave with afrequencxpy,y) phase space. Notice the resemblance between this
higher than the local plasma frequency. frame and the PIC result shown in Fig(b2 In addition,

These results can be generalized to a 3D configuration. Ifotice the increase gf, asy decreases, which is related to
this case the “arrow” has the form of a pointed paraboloid.the conservation of the adiabatic invariants along the princi-
The contraction of the electron trajectories towardxtexis  pal axes of oscillation. Finally, note the similarity between
(which is a consequence of the relativistic increase of theithe accelerated orbit shown in Figaband the electron orbit
effective mass as their momentum alongncreasescan be inside the channel behind the laser pulse shown in K. 7
easily shown by referring to the following 3D equations of of Ref.[10]. The latter orbit is obtained by tracking in time a
motion specific particle in a 2D PIC simulation.
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dispersion relation(16) to the resonance condition, (k)
=kv, between the frequenay,_ of the wake wave and the
group velocityvy of the laser pulse we obtaik~w,/vg
+a(&)wj/(2vg) which shows that the wave number of the
wake field is larger in the region whetg €) is larger. If the
effective temperature is inhomogeneous in the transverse di-
rection and has its maximum at the laser pulse axis, the
wavelength of the wake wave is shorter on the axis and in-
creases outwards. This transverse dependence of the wake
5y wave number is opposite to that which leads to the horseshoe
structure, and leads to wake fronts with “inverted” curva-
ture.

In addition, at a distance from the laser pulse larger than
~Své/(2awp), whereSis the pulse width, the effects of the
Langmuir wave propagation in the transverse direction be-
come important. This transverse propagation is again due to
kinetic effects and occurs at the group velocity,
~awpc2/vg as follows from Eq.(16). In order to describe

Extending the 2D treatment given before, we compute théhe wave pattern in the wake we use the approach developed

Lienard-Wiechert fields in a 3D configuration near the verte%dn. Ref. [.20]' In thtg fragne cor;ovmg .\Q{'th the laser pulse, the
of an (infinitely) sharp paraboloid. In the boosted frame ispersion equatiofil6) can be rewritten as
where the fast electron bunch is at rest, we find

FIG. 5. 3D motion(a) of an electron accelerated alorgn the
transverse electric and magnetic fields given by #4). (b) Trans-
verse motion(c) Contraction of the transverse area of the electron
trajectoryy?(t) +z(t) as a function ok(t). (d) Electron trajectory
in (py,Yy) phase space.

kxvg=wp+ak§, (17)
¢'=DlIn|p’' —x'|, (15)
where v, is the group velocity of the laser pulsey

’r_ 12 12 12 t i ~
where p’=(x""+y""+2'7), and the proportionality factor = ac?/2w, and we assumek§<wp. In the wake behind the

i ~1/2 : : )
D. depends on time as = 'Calculatmg. the Lienard laser pulse the wave vector is a function of the space coor-
Wiechert potentials of the moving bunch in the Iaboratorydinates. Following Ref[20], we write the so called consis-

frame we find that the magnetic field is azimuthal, the elec- . :
tric field is radial in the plane perpendicular to the laser pulsé[ency relationship
axis, and both fields are proportionalgo® near the parabo-

) . o ak, Ik,
loid vertex. In this case the potentials in the laboratory frame Y _X_0. (18)
increase with time as"?, as follows from the stronger focal- ax - ay

ization of the electron bunch in a 3D configuration. ) ) ) )
The dispersion equatiofl?7) gives thex component of the

IV. INVERTED CURVATURE wave vectork, as a function ok, . Then Eq.(18) yields
In Fig. 1(a) we see that near the axis the curvature of the aky 2w aky
constant phase surfaces in the wake wave furthest from the kv yﬁ—y=0- (19
laser pulse is opposite to that of the “horseshoe” structures g
discussed in Ref38] and[16]. In this latter case t_he curva- Hencek, andk, are constant on the characteristics
ture of the constant phase surfaces was associated with the y
increase of the Langmuir frequency with the transverse co- ~
ordinate, away from the laser pulse axis, due to electron den- d_kX: _ 2_“k
sity inhomogeneities and/or to relativistic effects of the elec- dky vg
tron mass. The “inverted” curvature of the wake wave
fronts in Fig. 1a) may be interpreted as due to kinetic ef- Now we assume that the size of the laser pulse is small
fects. Similarly to the case of a finite electron temperaturecompared with its distance from the point where we see the
plasma, the dispersion equation of Langmuir waves changesake wave. This means that the source of the wake can be
[19] in the presence of a sufficiently high density of fastapproximated as a point, and that the characteristics pass
electrons and the real part of its frequenay is given by through the origin in coordinate space. As a result we have

(20

wf ()~ w)(€) + a(E)K*c?. (16) y 2

==——gy, (21
Here¢ is the effective energy of the fast electrons. The spe- X v
cific form of the functionsw,(£) and a(€) depends on the _ ' -
particle distribution in phase space. In the nonrelativisticwhich — gives ky=—(v/2a)(y/x), and k,=w,/vg
limit, when the particle distribution is Maxwellian with tem- +(vg/4Zz)(y/x)2. The phas#& of the wave in the comoving
peratureT, (€)= w, and a(£)=3T/(mc?), while in the  frame does not depend on time and is equalftek,x
ultrarelativistic case{for an isotropic distribution withT +kyy. The position of the wake wave crests corresponds to

=E&3] wp(&)= (m/S)l’Zwp and a(&)=3/5. If we apply the constant values of the phageWe rewrite this expression as
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ov.\2 V2 92y 2 the laser pulse is loaded by fast particle beams formed during
(x— 2—g> - =y =— (22)  the wake wave breaking, while the influence of the fast par-
@p dawy 4wy ticles is not sufficient to destroy the wake wave completely.

) _ o ) The second mechanism of the magnetic field generation is
This describes hyperbolae with “inverted curvature.” We rejated to the fact that wave breaking produces sharply fo-
see that the wake is localized inside a cone with angle cgjized bunches of ultrarelativistic electrons. In our simula-

given by taré= \daw,/v;. tions we see the strong magnetic field generated by the
bunch. We explain this magnetic field in terms of the mag-
V. CONCLUSIONS netic component of the Lienard-Wiechert potentials of a

_ _ moving electric charge. To our knowledge these are the first
In this paper we have shown, with 2D PIC computerdetailed observations of Lienard-Wiechert fields in simula-

simulations, that a high intensity, ultrashort laser pulse intertions of the interaction of a high intensity laser pulse with a
acting with an underdense plasma excites a strong magnettasma.

field through at least two different mechanisms. The first

mechanism corresponds to the nonlinear current filamenta-

tion instability of the fast e!ectron beam produceq by the ACKNOWLEDGMENTS

break of the wake wave, while the second is associated with
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